Abstract-We have derived simple analytical expressions for the frequency-dependent effective permittivity tensor of a one-dimensional metal-dielectric photonic crystal in the long wavelength limit. Our results describe the transition between the regime, described by Rytov's formulas for sufficiently long waves, and that predicted by Xu et al. [6] , where the effective plasma frequency is independent of the metallic-layer parameters. The derived expressions can be useful for determining the frequency intervals where such an anisotropic system can exhibit metamaterial behavior.
INTRODUCTION
A very simple system for designing metamaterials is the periodic heterostructure (also-known as superlattice or one-dimensional (1D) photonic crystal (PC)) composed of alternating metal and dielectric layers (see, e.g., [1] [2] [3] ). In the regime of long wavelengths, compared with the PC period a, its optical properties can be described by using an effective permittivity tensor. If the permittivity components are of different sign, such an anisotropic medium can support negative refraction without requiring negative permeability [1] [2] [3] , unlike doublenegative metamaterials. Commonly, the permittivity components are calculated within the effective medium approach originally developed by Rytov [4] . So, if the materials of the superlattice layers are local and isotropic, the permittivity tensor is diagonal with principal values [4] :
Here, the metal and dielectric layers are characterized by their permittivities, ε m and ε d , and thicknesses, d m and d, respectively; f = d m /a is the metal filling fraction (a = d m + d), and z denotes the direction perpendicular to the planes of the layers in the superlattice. Formulas (1) and (2) hold in the case of very long waves [4] , and have also been obtained by using different homogenization methods (see, for example, [2, 5] and references therein). Employing the Drude model for the frequency (ω)-dependent dielectric function of the metal (i.e., ε m = ε 0 (1 − ω 2 P /ω 2 ), where ω P is the metal plasma frequency, ε 0 is the vacuum permittivity), the components ε x and ε y (1) acquire a similar form:
and an effective plasma frequency
This result turns out to be good enough when the values of the filling fraction are not very small (f ≤ 1). If f 1 and the metal layer thickness is comparable with the skin depth (d m ∼ c/ω P ), the cut-off frequency ω P ,eff is close to the value [6] 
where n = ε d /ε 0 is the refraction index of the dielectric. Notice that ω P ,eff in Eq. (5) does not depend on the metal permittivity, like the effective plasma frequency for periodic arrays of very thin metal wires [7] . Although the differences between models (4) and (5) have been analyzed in-depth [6, 8] , up to now there are no simple analytic expressions for the permittivity components, which can predict both results as well as the crossover between them. In principle, the two regimes could be described within the effective medium approach proposed by Rytov [4] . However, the calculation of the effective permittivity would require the numerical solution of the exact dispersion equation, especially in the case of electromagnetic modes propagating along the z axis [4] and having a low-frequency gap in their photonic band structure.
In the present work, we will calculate the effective permittivity tensor for a binary metal-dielectric superlattice within the homogenization theory recently developed in the work [9] . This theory has the advantage of providing explicit expressions for the effective parameters of the electromagnetic response. We shall apply it to study the plasma-like behavior of the metal-dielectric heterostructure.
THEORETICAL FORMALISM
According to the results, reported in [9] , the effective local electromagnetic response of a PC, which can be bianisotropic in the most general case, is given bȳ
Here,
ξ eff , and ↔ ζ eff are, respectively, the effective permittivity, permeability, and crossed magneto-electric tensors, k is the wave vector, and {. . . } −1 symbolizes the inverse of the 6×6 matrix blockD −1 (k; 0, 0), which is obtained from the inverseD
of the infinite matrix
where G, G are vectors of the reciprocal lattice of the PC, δ G,G stands for the Kronecker delta, andĀ(G) are the Fourier coefficients of the 6 × 6 matrixĀ(r) for the material (bianisotropic) response:
In the case of a binary metal-dielectric superlattice composed of isotropic nonmagnetic materials, the crossed magneto-electric tensors in Eq. (8) are 3 × 3 zero matrices, whereas the permeability tensor is
where
is the form factor of the metal layer. The matrix blockD −1 (0; 0, 0) is obtained by numerically solving the system of algebraic equations for the block columnD
given by
whereĪ is the 6 × 6 unit matrix. In order to physically interpret our numerical results, we shall also derive a simple expression for the effective permittivity tensor for the considered 1D PC, having thin metallic layers. So, Eq. (11) can be rewritten as
Here,T −1 (G z ) [10] is the inverse of
Multiplying Eq. (12) by ∆Ā(−G z ) and summing over G z , we get
It can be shown that in the case
with (
, is asymptotically correct. Using this relation in Eq. (14), we get
After substituting the sum (16) into (12) for G z = 0, we obtain an analytical expression for the matrix blockD −1 (0; 0, 0), whose 6 × 6 inverse matrix determinesĀ eff (Eq. (6)), having submatrices:
The components ε x and ε y of the effective permittivity can be expressed as
whereas our result for the component ε z goes over into formula (2) . Besides, in deriving ε z the condition k d d m 1 was not needed, unlike the analytical calculation of ε x = ε y (17).
Notice that Rytov expression (1) for ε x and ε y is obtained from Eq. (17) in the limit k d a → 0 as well as in the case of small metal filling fraction (f 1) and moderate dielectric contrast (i.e.,
. However, as we will show below, at sufficiently-large dielectric contrast, namely at
, our formula (17) tends to the permittivity (3) with the effective plasma frequency (5) proposed by Xu et al. [6] .
DISCUSSION
Using Eqs. (6), (7) , and (9), we have numerically calculated the 6 × 6 matrixĀ eff of the effective local electromagnetic response for Fig. 1 ) coincide with the numerical results. Notice that ε x (ω) has a zero at ω = ω 1 ≈ 0.121ω P , which indicates the top or width of the low-frequency band gap (0 < ω < ω 1 ) in the photonic band structure for modes propagating along the growth direction of the metal-dielectric superlattice (Fig. 2) . Interestingly, the dispersion relation k(ω) = (ω/c) ε x /ε 0 , calculated with the effective permittivity (17), describes not only the low-frequency band gap, but also the lowest pass band for photonic modes up to the middle (ka/π ∼ 0.5) of the first Brillouin zone (see Fig. 2 ). We have also calculated the effective permittivity ε x (ω), given by Eq. (3), using the cut-off frequencies (4) and (5) (see curves 2 and 3 in Fig. 1 ). As is seen, the effective plasma frequencies ω 2 = 0.147ω P and ω 3 = 0.209ω P , predicted by such models, are larger than the exact result. Figure 3 presents the dependencies of 1/ω P,eff (panel "a") and ω P ,eff (panel "b") upon the parameter ω P nd/c, which were calculated with the models (17) (curve 1), (4) (curve 2), and (5) (curve 3).
At small values of ω P nd/c, our results (curve 1) agree with Rytov's formula (curve 2) so that ω P /ω P ,eff approaches one as ω P nd/c → 0. This result is physically clear because the superlattice converts into Figure 3 . Dependence of (a) 1/ω P ,eff and (b) ω P ,eff on the parameter ω P nd/c for a metal-dielectric superlattice with d m = 0.5c/ω P . Curves 1, 2 and 3 were calculated by using Eqs. (17), (4), and (5), respectively. a homogeneous metallic medium with ω P ,eff = ω P if d → 0. On the other hand, at large values of ω P nd/c, the curves 1 and 3 in Fig. 3(a) become parallel straight lines, and Rytov's result considerably differs from our curve 1, which coincides with the reciprocal value of the cutoff frequency obtained from the exact photonic band structure. The slope of line 3 allowed Xu et al. to determine ω P ,eff (5) (see Fig. 2 in [6] ) with sufficiently accuracy. Indeed, the constant difference between our result for 1/ω P ,eff and the straight line 3 in Fig. 3 , is negligible for the reciprocal function, namely ω P ,eff , at ω P nd/c 1. Therefore, the curves 1 and 3 in the panel "b" approach each other as ω P nd/c increases. The dotted vertical line in both panels of Fig. 3 indicates the value of the parameter ω P nd/c = 15 which was used for calculating the graphs in Figs. 1 and 2 (and Fig. 1 in [6] ). As is seen in Fig. 3(b) , the value ω P nd/c = 15 is in a relatively-broad interval where neither formula (4) nor (5) predicts correct values for ω P ,eff . In Figs. 4 and 5, we show the frequency-dependence of the effective permittivity ε x and the photonic dispersion for a superlattice with the same parameters as in Fig. 1 , except that d = 100c/ω P . Fig. 4 demonstrates the excellent agreement between analytical (curve 1) and numerical (triangles) results. It is evident that in this case the predictions by Xu et al. (Eqs. (3) and (5)) are very close to our calculations of permittivity ε x (ω) (compare curves 1 and 3 in Fig. 4 . In Fig. 5 , one can observe that the effective plasma frequency ω 1 = 0.0193ω P , predicted by model (17), completely agrees with the band structure calculations and is close to ω 3 = 0.0209ω P given by Eq. (5). However, ω 2 (4), obtained from Rytov's formula (1), has a larger value (ω 2 = 0.047ω P ), being above the second pass band. The large difference between ω 2 and the width of the low-frequency band gap (see Fig. 5 ) is owing to the fact that in a metal with thickness d m of the order of the skin depth (d m ∼ c/ω P d) the condition of slight variation of the "microfield" across the metal layer, which was used in [4] in deriving formula (1), is not satisfied.
It should be commented that we have neglected damping effects, which can be included in the Drude model by introducing a relaxation frequency ν, typically ranging in the THz region, as: ε m = ε 0 (1 − ω 2 P /(ω 2 + iων)). Hence, the cut-off frequency will be well defined at frequencies ω ν, where losses in the metal inclusion are small. Drude model is commonly used for bulk metal samples. However, this local model also describes the electromagnetic response of thin metal films (d m ∼ c/ω P ) in the optical range, since the effects of spatial dispersion manifest themselves at much lower frequencies, namely in the THz region (see [11] ).
CONCLUSION
In this work, we have applied the homogenization theory developed in [9] to calculate the frequency-dependent effective local permittivity tensor of a metal-dielectric superlattice. We could also derive analytic expressions for the components of the permittivity tensor, describing both the regime, where Rytov's formulas [4] are valid, and that found by Xu et al. [6] at very small metal filling fractions. Our results could be useful in designing metamaterials based on metal-dielectric 1D PC.
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